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Some new inequalities with weakly singular integral kernel are developed, which
generalize some known inequalities and can be used in the qualitative and
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1 Introduction
The well-known inequalities, such as the Gronwall type inequality, the Gronwall-Bellman
type inequality, the Henry-Gronwall type inequality, the Henry-Bihari type inequality and
their variants in retarded form played important roles in the research of quantitative anal-
ysis of the solutions to diﬀerential and integral equations, as well as in the modeling of en-
gineering and science problems. Recently, with the development of fractional diﬀerential
equations, integral inequalities with weakly singular kernels have drawn more attention
[–]. In , Henry [] proposed a method to ﬁnd solutions and proved some results
concerning linear integral inequalities with a weakly singular kernel. In , Medved˘ []
presented a new method to solve integral inequalities of Henry-Gronwall type and their
Bihari version, then he got the explicit bounds with a quite simple formula, similar to the
classic Gronwall-Bellman inequalities. Furthermore, he also obtained global solutions of
the semilinear evolutions in [].




u(t)≤ a(t) + ∫ tt (t – s)β–[b(s)u(s) + c(s)u(s – r)]ds, t ∈ [t,T),
u(t)≤ ϕ(t), t ∈ [t – r, t).





u(t)≤ a(t) + ∫ tt (t – s)β–b(s)u(s)ds +
∫ t
t (t – s)
β–p(s)uγ (s – r)ds, t ∈ [t,T),
u(t)≤ ϕ(t), t ∈ [t – r, t).
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In , by using themodiﬁedMedved˘ method,Ma and Pečarić [] studied the inequal-
ity





)β–sγ–f (s)uq(s)ds, t ∈ R+.
The aim of this paper was to give explicit bounds to some new nonlinear Henry-





up(t)≤ a(t) + ∫ tt (t – s)β–b(s)uq(s)ds +
∫ t
t (t – s)
β–c(s)ul(s – r)ds, t ∈ I,
u(t)≤ ϕ(t), t ∈ [t – r, t),
and Gronwall-Bellman type integral inequalities with nonlinear weakly singular integral
kernel of the form
up(t)≤ a(t) + b(t)
∫ t







which can be used as handy and eﬀective tools in the study of the delay fractional diﬀer-
ential equations. We also give some examples to illustrate applications of our results.
2 Preliminary knowledge
In the following, R denotes the set of real numbers, N denotes the set of integer numbers,
R+ = [,+∞), I = [t,T) ⊂ R+, T < ∞. For convenience, we give some lemmas which will
be used in the proof of the main results.
Lemma . (Jensen’s inequality) Let n ∈ N , a,a, . . . ,an be nonnegative real numbers.














p a + p – qp K
q
p for any K > .









[p(γ – ) + 
α
,p(β – ) + 
]
, t ∈ R+.
Here B(m,n) =
∫ 
 sm–(– s)n– ds (m > , n > ) is the B-function, θ = p[α(β –)+γ –]+.
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Deﬁnition . (see []) Let [x, y, z] be an ordered parameter group of nonnegative real
numbers. The group is said to belong to the ﬁrst class distribution and denoted by [x, y, z] ∈
I if the conditions x ∈ (, ], y ∈ (  , ), and z ≥  – y are satisﬁed; the group is said to belong
to the second class distribution and denoted by [x, y, z] ∈ II if the conditions x ∈ (, ], y ∈
(,  ], and z >
–y
–y are satisﬁed.
Lemma . (see []) Suppose that the positive constants α, β , γ , p, and p satisfy the
conditions
(a) if [α,β ,γ ] ∈ I , p = β ;
(b) if [α,β ,γ ] ∈ II , p = +β+β , then
B
[pi(γ – ) + 
α






α(β – ) + γ – 
]
+ ≥ 
are valid for i = , .













s B(τ )dτ ds
} 
p















Lemma . Let a(t),b(t), c(t) ∈ C(I,R+), p ≥ q > , p ≥ l > , ϕ(t) ∈ C([t – r, t],R+),




up(t)≤ a(t) + ∫ tt b(s)uq(s)ds +
∫ t
t c(s)u
l(s – r)ds, t ∈ I,
u(t)≤ ϕ(t), t ∈ [t – r, t).
(.)



























+ p – qp K
q
p ,
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p a(t)b(t) + p – qp K
q
p b(t) + lpK
l–p







p b(t) + lpK
l–p
p c(t).








then from Lemma ., the inequality (.) holds.






l(s – r)ds, then z(t) = , z(t) is non-
decreasing, and
up(t)≤ a(t) + z(t).
Then from Lemma . we obtain, for any K > ,



















a(t – r) + z(t – r)
)




≤ A(t) + B(t)z(t),
and we have z(t)≤ ∫ tt A(s)e
∫ t
s B(τ )dτ ds. Then the inequality (.) holds. 
















a(τ )b(τ , τ ) +
∫ τ
t




We are now to deal with a certain class of Henry-Gronwall type retarded inequalities with
weak integral kernels.
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Theorem . Let a(t),b(t), c(t) ∈ C(I,R+), p ≥ q > , p ≥ l > , ϕ(t) ∈ C([t – r, t],R+),




up(t)≤ a(t) + ∫ tt (t – s)β–b(s)uq(s)ds +
∫ t
t (t – s)
β–c(s)ul(s – r)ds, t ∈ I,
u(t)≤ ϕ(t), t ∈ [t – r, t),
(.)
where β > .
















s B(τ )dτ ds} p , t ∈ [t + r,T).
(.)
Here













































































s B(τ )dτ ds} p , t ∈ [t + r,T).
(.)
Here
a(t) = q–aq (t)e–qt , b(t) = q–
(
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Proof (i) Using the Cauchy-Schwarz inequality by (.), we get
up(t) ≤ a(t) +
∫ t
t
(t – s)β–ese–sb(s)uq(s)ds +
∫ t
t










































Using Lemma . for n = , r = , we obtain











Let v(t) = e–

p tu(t), then we get














Using Lemma ., we get (.).
(ii) By the hypothesis, we get p +

q = , using the Hölder inequality by (.), we obtain
up(t) ≤ a(t) +
(∫ t
t






































Using Lemma . for n = , r = q, we have
upq (t) ≤ q–aq (t) + q–










cq (s)e–qsuql(s – r)ds
]
.
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Let v(t) = e–
q
p tuq (t), then we get
vp(t) ≤ q–aq (t)e–qt + q–
(














p )svl(s – r)ds
]
.
By Lemma . we get (.). This completes the proof of Theorem .. 
Remark . If p = q = , then Theorem . becomes Theorem  in []. If p = q = l = , then
Theorem . becomes Theorem . in []. If p = l = , b(t) = , then Theorem . becomes
Theorem . in [].
Theorem . Suppose that u(t), a(t), b(t), c(t), d(t), f (t) are nonnegative continuous func-
tions for t ∈ R+. Let p,m, q be constants with p≥m > , p≥ q > . If
up(t)≤ a(t) + b(t)
∫ t






















a¯(s)b¯(τ , τ ) +
∫ τ


















































































β + γ – 
α
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a¯(s)b¯(τ , τ ) +
∫ τ















































































+β (γ – ) + 
α






γ – β + βγ
























































up(t)≤ a(t) + v(t) or u(t)≤ {a(t) + v(t)} p . (.)


















































= A(t) + mp K
m–p
p b(t) · B(t) + qpK
q–p






































Now we try to estimate A(t), B(t), and C(t).
If [α,β ,γ ] ∈ I , let p = β , q = –β ; if [α,β ,γ ] ∈ II , let p = +β+β , q = +ββ . Then pi + qi = 


































































(pi(γ – ) + 
α












































(pi(γ – ) + 
α
,pi(β – ) + 
)
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ds, i = , .















































From (.), (.), and (.) we get
























Using Lemma . and (.) we can get






















f qi (s)vqi (s)ds
= qi–Aqi (t) + ei(t)
∫ t

e–qiscqi (s)vqi (s)ds + gi(t)
∫ t













































By Lemma . we have









a¯(s)b¯(τ , τ ) +
∫ τ

b¯′τ (τ , s)a¯(s)ds
]
dτ . (.)



















b¯i(t, s) = ei(t)e–qiscqi (s) + gi(t)f qi (s).















a¯i(s)b¯i(τ , τ ) +
∫ τ









Considering the two situations for i = ,  and using the parameters α, β , and γ to pi,
qi and θi in (.), we can get (.) and (.), respectively. This completes the proof of
Theorem .. 
Corollary . Suppose that the conditions of Theorem . hold, if b(t) = , then






and we deduce the following results.















a¯(s)b¯(τ , τ ) +
∫ τ






















N, B(t) are the same as in Theorem ..















a¯(s)b¯(τ , τ ) +
∫ τ

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N, B(t) are the same as in Theorem ..
Corollary . Suppose that the conditions of Theorem . hold, α = γ = . If
up(t)≤ a(t) + b(t)
∫ t

(t – s)β–c(s)um(s)ds + d(t)
∫ t

(t – s)β–f (s)uq(s)ds,















a¯(s)b¯(τ , τ ) +
∫ τ























































(β – ) +  = β – 
β
,
M, A(t), B(t) are the same as in Theorem ..















a¯(s)b¯(τ , τ ) +
∫ τ









































































 + β (β – ) +  =
β
 + β ,
M, A(t), B(t) are the same as in Theorem ..
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Remark . If b(t) = , then Theorem . becomes Theorem . in [].
Remark . If b(t) = d(t) = , p =m = α = γ = , then Theorem . becomes Theorem 
in []. Due to the diﬀerence in methods, our results are not the same as in []. The results
in Theorem . have the simple exponential function of Theorem  in [].
4 Applications











t x(t) = bk , k = , , , . . . ,m – ,




t is the Caputo fractional derivative of order β (m –  ≤ β <m), r ∈ R+ is a real
constant, f (t, y, z) ∈ C(I × R,R), ϕ is a given continuously diﬀerentiable function on [t –
r, t] up to orderm (m = –[–β]). In this case, we denote ϕk(t) = bk , k = , , , . . . ,m – .













t (t – s)
β–f (s,x(s),x(s – r))ds, t ∈ I,
x(t) = ϕ(t), t ∈ I = [t – r, t).
(.)
The next theorem deals with the estimates of the solution of (.).
Theorem . Suppose that |f (t, y, z)| ≤ b(t)|y|q + c(t)|z|l , t ∈ I , m,p,q, l ∈ R+, p ≥ q, p ≥ l,
b(t), c(t) ∈ C(I,R+). If x(t) is the solution of initial problem (.), then the following estima-
tions hold.




|x(t)| ≤ {g(t) +
∫ t
t k(s)ϕ




s G(τ )dτ ds} p , t ∈ [t, t + r),










































+ p – qp K
q
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|x(t)| ≤ {g(t) +
∫ t
t k(s)ϕ




s G(τ )dτ ds} p , t ∈ [t, t + r),


































































+ p – qp K
q







































|x(t)|p ≤ ∑m–k= |bk |k! (t – t)k + (β)
∫ t





t (t – s)
β–c(s)|x(s – r)|l ds, t ∈ I,
|x(t)| = |ϕ(t)|, t ∈ [t – r, t).
(.)
Using Theorem ., we get the desired conclusion. This proves the results (.) and (.).

() In this section, based on the deﬁnition of Riemann-Liouville (R-L) and Erdélyi-Kober
(E-K) fractional integral, we will study the boundedness of a certain FDE with R-L frac-
tional operator and E-K fractional operator. The deﬁnitions of two fractional operators
are given below.
Deﬁnition . ([]) The R-L fractional integral and fractional derivative of order α of
the function f (x) ∈ C(R+,R) are given by




(x – t)α–f (t)dt, α > ,






(x – t)–αf (t)dt,  < α < ,
provided that the right side is point-wise deﬁned on R+.
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Deﬁnition . ([, ]) The E-K fractional integral of continuous function f (x) ∈ C(R+,
R) is deﬁned by











, δ,γ ,β ∈ R+,
provided that the right side is point-wise deﬁned on R+.











)β–sγ–f (s)uq(s)ds = a(t). (.)
Theorem . Let u(t),a(t),b(t), c(t),d(t), f (t) ∈ C[,∞), p,m, q, α, β , γ be the same as in
Theorem .. Then, for any K > , every solution of equation (.) has the bounds and the
same modality as (.), (.), in which we have |u(t)|, |a(t)|, |b(t)|
(β) , |c(t)|, |d(t)|(β) , |f (t)| instead
of u(t), a(t), b(t), c(t), d(t), and f (t).
































Then by the diﬀerence in the selection of a(t), b(t), c(t), d(t), f (t), p, m, q, α, β , γ , we get
the desired results. 
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